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EXTREME CONTRACTIONS ON FINITE-DIMENSIONAL
POLYGONAL BANACH SPACES-II
ANUBHAB RAY, SAIKAT ROY, SATYA BAGCHI, DEBMALYA SAIN
Abstract. We introduce the concept of weak L-P property for a pair of
Banach spaces, in the study of extreme contractions. We give examples of
pairs of Banach spaces (not) satisfying weak L-P property and apply the
concept to compute the exact number of extreme contractions between a
particular pair of polygonal Banach spaces. We also study the optimality
of our results on the newly introduced weak L-P property for a pair of
Banach spaces, by considering appropriate examples.
1. Introduction.
The purpose of the present article is to study extreme contractions on finite-
dimensional polygonal Banach spaces, in light of some previously obtained re-
sults in a recent article [12]. In contrast to the Hilbert space case [3, 5, 9, 10],
characterization of extreme contractions on Banach spaces is a difficult prob-
lem even in the finite-dimensional case, that remains vastly unexplored. We
refer the readers to [1, 2, 4, 6, 7, 8, 13, 14] for some of the prominent research
works in this direction that also illustrate the difficulty in building a general
theory for characterizing extreme contractions on Banach spaces. The existence
of such a general theory has been explored very recently in [11] with emphasis
on the two-dimensional case, by introducing the concept of compatible point
pair (CPP). On the other hand, the work carried out in [12] suggests that the
aforesaid study has deep connections with the extremal structure of the unit
balls of the concerned spaces. Our present article further explores this idea and
establishes some interesting connections between extreme contractions and the
extreme points of the unit balls of the domain space and the range space.
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In this article, letters X and Y denote real Banach spaces. Given a subset
U of X, let |U | denote the cardinality of U. Let BX = {x ∈ X : ‖x‖ ≤ 1} and
SX = {x ∈ X : ‖x‖ = 1} denote the unit ball and the unit sphere of X respec-
tively. Let EX be the set of all extreme points of the unit ball BX . We say that
X is polygonal if EX is finite. Let L(X,Y ) be the Banach space of all bounded
linear operators from X to Y endowed with usual operator norm. An operator
T ∈ L(X,Y ) is said to be an extreme contraction if T is an extreme point of the
unit ball BL(X,Y ). For a bounded linear operator T ∈ L(X,Y ), letMT denote the
norm attainment set of T, i.e., MT = {x ∈ SX : ‖Tx‖ = ‖T ‖}.Motivated by the
work done in the seminal article [8] on finite-dimensional extreme contractions,
the following definition was introduced in [12].
Definition 1.1. Let X, Y be Banach spaces. We say that the pair (X,Y ) has
L-P (abbreviated form of Lindenstrauss-Perles) property if a norm one bounded
linear operator T ∈ L(X,Y ) is an extreme contraction if and only if T (EX) ⊆
EY .
For further continuation of the study of extreme contractions on finite-dimensional
Banach spaces, we introduce the following definition:
Definition 1.2. Let X, Y be Banach spaces. We say that the pair (X,Y ) has
weak L-P property if for any extreme contraction T ∈ L(X,Y ), we have that
T (EX) ∩ EY 6= φ.
We illustrate the utility of the above definition in the study of extreme con-
tractions on finite-dimensional polygonal Banach spaces. We furnish examples
of several pairs of polygonal Banach spaces that satisfy weak L-P property. In
particular, it follows from our results in the present article that weak L-P prop-
erty for a pair of Banach spaces depends on the extremal structure of the unit
balls of the domain space and the range space. Moreover, as a concrete ap-
plication of the concept of weak L-P property of a pair of Banach spaces, we
explicitly compute the exact number of extreme contractions in a particular case
involving two-dimensional polygonal Banach spaces. Our results in the present
article further underline the pivotal role of extreme points of the domain space
and the range space in the study of extreme contractions.
2. Main Results
We begin this section with the remark that Lima [7, Lemma 3.2] has explicitly
constructed an extreme contraction in L(l4∞, l
4
1) under which the image of any
extreme point of the unit ball of the domain space l4∞ is not an extreme point of
the unit ball of the range space l41. In particular, this proves that the pair (l
4
∞, l
4
1)
does not have weak L-P property. Our first aim is to obtain some nontrivial
examples of pairs of polygonal Banach spaces that has weak L-P property. As
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we will see next, the number of extreme points of the unit ball of the domain
space is of paramount importance in this study.
Theorem 2.1. Let X be an n−dimensional real polygonal Banach space such
that BX has exactly 2n+2 extreme points. Let Y = l
m
∞, where m ≤ n. Then the
pair (X,Y ) has weak L-P property.
Proof. Let EX = {±x1,±x2, · · · ,±xn+1}. Let T ∈ L(X,Y ) be an extreme con-
traction. It follows from Theorem 2.2 of [12] that span(MT ∩ EX) = X and
moreover, if |MT ∩ EX | = 2n then T (MT ∩ EX) ⊆ EY . Therefore, in this case
we have nothing more to show. Let us assume that EX ⊆ MT . We claim
that T (EX) ∩ EY 6= φ. If possible, suppose that T (EX) ∩ EY = φ. With-
out any loss of generality, we may assume that {x1, x2, · · · , xn} is a basis of
X. So there exist scalars α1, α2, · · · , αn, with at least two of them non-zero,
such that xn+1 = α1x1 + α2x2 + · · · + αnxn. Let for each i ∈ {1, 2, . . . , n},
T (xi) = (ai1, ai2, · · · , aim).
Therefore, T (xn+1) = α1T (x1)+α2T (x2)+· · ·+αnT (xn) = (b1, b2, · · · , bm) (say).
Clearly, EY = {(y1, y2, · · · , ym) : yj ∈ {+1,−1}, 1 ≤ j ≤ m}. So for each
1 ≤ i ≤ n, there exists at least one j, 1 ≤ j ≤ m, such that |aij | < 1. Let us
define Gi =
{
j ∈ {1, 2, . . . ,m} : |aij | < 1
}
. Clearly, Gi 6= φ for each i.
Now we complete the proof of the theorem by considering the following two
cases:
Case 1: Suppose there exist distinct p, q ∈ {1, 2, · · · , n} such that Gp ∩Gq 6= φ.
Let t ∈ Gp∩Gq . We note that such a pair {p, q} always occurs whenever m < n.
We define two linear operators T1, T2 : X → Y by
T1(xi) = T (xi)∀ i 6= p, q, T2(xi) = T (xi)∀ i 6= p, q,
T1(xp) = (ap1, · · · , apt − ǫ1, · · · , apm), T2(xp) = (ap1, · · · , apt + ǫ1, · · · , apm),
T1(xq) = (aq1, · · · , aqt − ǫ2, · · · , aqm), T2(xq) = (aq1, · · · , aqt + ǫ2, · · · , aqm),
where ǫ1 and ǫ2 are chosen in such a way that |apt ± ǫ1| < 1, |aqt ± ǫ2| < 1
and αpǫ1 + αqǫ2 = 0. Then T1(xn+1) = T2(xn+1) = T (xn+1), T =
1
2 (T1 + T2)
and both ‖T1‖, ‖T2‖ = 1. In addition, T1 and T2 are different from T. Clearly,
this contradicts that T is an extreme contraction.
Case 2: Suppose Gp ∩ Gq = φ, for every p, q ∈ {1, 2, · · · , n} with p 6= q. We
should note that this case can only happen for m = n. Since, T (EX) ∩EY = φ,
there exists some r, 1 ≤ r ≤ m, such that |br| < 1. Also there exists some s,
1 ≤ s ≤ n, such that r ∈ Gs. We choose ǫr in such a way that |asr ± ǫrαr | < 1
(provided αr 6= 0) and |br ± ǫr| < 1. If αr = 0 then we choose ǫr such that
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|asr ± ǫr| < 1. Now, define two linear operators T1, T2 : X → Y by
T1(xi) = T (xi)∀ i 6= s, T2(xi) = T (xi)∀ i 6= s,
T1(xs) = (as1, · · · , asr − ǫr
αr
, · · · , asm), T2(xs) = (as1, · · · , asr + ǫr
αr
, · · · , asm).
Then, T = 12 (T1+T2) and ‖T1‖ = ‖T2‖ = 1. In addition, T1 and T2 are differ-
ent from T. This is a contradiction to the fact that T is an extreme contraction.
In other words, whenever T ∈ L(X,Y ) is an extreme contraction, we have that
T (EX) ∩EY 6= φ. This completes the proof of the fact that the pair (X,Y ) has
weak L-P property and establishes the theorem. 
In the next example we illustrate that it is not possible to improve the con-
dition m ≤ n in the above theorem.
Example 2.1.1. Let X be the two dimensional real Banach space whose unit
sphere is a regular hexagon with the vertices±x1 = ±(1, 0),±x2 = ±(12 ,
√
3
2 ),±x3 =
±(− 12 ,
√
3
2 ). Let Y = l
3
∞. Clearly, {x1, x2} forms a basis of X and x3 = x2 − x1.
Now, we define a linear operator T : X → Y in the following way:
T (x1) = (1,−1, 0), T (x2) = (1, 0, 1).
Therefore, T (x3) = (0, 1, 1). We claim that T is an extreme contraction. If
not, then there exists T1, T2 ∈ SL(X,Y ) such that T 6= T1, T2 and T = 12 (T1+T2).
Let
T1(x1) = (1 + ǫ11,−1 + ǫ12, ǫ13), T1(x2) = (1 + ǫ21, ǫ22, 1 + ǫ23),
where ǫij are arbitrary real numbers for all i ∈ {1, 2} and for all j ∈ {1, 2, 3}.
Since T = 12 (T1 + T2), we must have,
T2(x1) = (1 − ǫ11,−1− ǫ12,−ǫ13), T2(x2) = (1− ǫ21,−ǫ22, 1− ǫ23).
Now, as T1, T2 ∈ SL(X,Y ), it is easy to see that ǫ11 = ǫ12 = ǫ21 = ǫ23 = 0.
So we have, T1(x3) = (0, 1 + ǫ22, 1 − ǫ13) and T2(x3) = (0, 1 − ǫ22, 0, 1 + ǫ13).
Moreover, if any of the ǫ13 or ǫ22 is non-zero, then either ‖T1(x3)‖ or ‖T2(x3)‖
becomes greater than 1. Therefore we must have ǫ13 = ǫ22 = 0. Thus, we have
that T1 = T2 = T. However, this is clearly a contradiction to our assumption
that T 6= T1, T2. Hence, T is an extreme contraction although T (EX)∩EY = φ.
Therefore, the pair (X,Y ) does not have weak L-P property.
In view of Theorem 2.1, it is natural to ask whether lm∞ can be replaced by
other well-known polygonal Banach spaces, say, lm1 . We will prove a positive
result in this direction. Let us first fix the following notation in order to proceed
further:
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Definition 2.1. For a fixed index i, let vi = (ai1, ai2, . . . , aim) ∈ Rm be an
m-tuple. Let us define Ci = {j ∈ {1, 2, . . . ,m} : aij 6= 0}. We would like to
observe that if vi is a non-extreme point on the unit sphere of l
m
1 , then |Ci| ≥ 2.
We require the following lemma in order to prove the desired result.
Lemma 2.1. Let {vi : i ∈ {1, 2, . . . , k}} be a collection of non-extreme points
on the unit sphere of lm1 , where m ≥ 2.
(i) If k > m(m− 1) then there exists a triplet of distinct numbers {r, s, t} ⊆
{1, 2, . . . , k} such that |Cr ∩ Cs ∩ Ct| ≥ 2.
(ii) If k = m(m − 1) and for any triplet of distinct numbers {r, s, t} ⊆
{1, 2, . . . , k}, |Cr ∩ Cs ∩ Ct| ≤ 1 then |Ci| = 2 for all i ∈ {1, 2, . . . , k}. In this
case, for any pair of distinct numbers α, β ∈ {1, 2, . . . ,m}, there exist distinct
p, q ∈ {1, 2, . . . , k} such that Cp ∩ Cq = {α, β}.
Proof. If m = 2 then it is easy to see that both (i) and (ii) are trivially true.
Without any loss of generality, let us assume that m ≥ 3.
(i) If possible, suppose that for any triplet of distinct numbers {r, s, t} ⊆
{1, 2, . . . , k}, we have that |Cr ∩ Cs ∩ Ct| ≤ 1. Without any loss of general-
ity, suppose |C1| = max{|Ci| : 1 ≤ i ≤ k} = u. Define A = {vi : Ci ⊆ C1}
and B = {vi : Ci 6⊂ C1}. It is immediate that A ∩ B = φ and therefore
k = |A|+ |B|. According to our assumption, for any triplet of distinct numbers
{r, s, t} ⊆ {1, 2, . . . , k}, we have that |Cr ∩ Cs ∩ Ct| ≤ 1. It is easy to observe
that |A| ≤ {(u2
)
+1}. Now, if u = m then B = φ. Hence, we have k < m(m− 1).
Also, when u = m − 1, |B| ≤ 2(m − 1). Therefore, in that case we again have
that k ≤ m(m − 1) and equality holds if m = 3. Finally, if u ≤ (m − 2) then it
is easy to deduce that |B| ≤ 2{(m−u2
)
+
(
u
1
)(
m−u
1
)}. Consequently k ≤ m(m− 1)
and equality holds if u = 2. In each of these cases, we arrive at a contradiction
to our hypothesis that k > m(m− 1). This completes the proof of (i).
(ii) If possible, suppose that |Ci| 6= 2 for some i ∈ {1, 2, . . . , k}. Without any
loss of generality, we may assume that |C1| = max{|Ci| : 1 ≤ i ≤ k} = u ≥ 3.
Then by analogous arguments as given in the proof of (i), we can conclude
that k < m(m − 1). This contradicts the fact that k = m(m − 1). Therefore
|Ci| = 2 for all i ∈ {1, 2, . . . , k}. Now, k = m(m− 1) vectors are consistent with
the condition that for any triplet of distinct numbers {r, s, t} ⊆ {1, 2, . . . , k},
we have that |Cr ∩ Cs ∩ Ct| ≤ 1. Therefore, for each pair of distinct numbers
α, β ∈ {1, 2, . . . ,m}, there must exist exactly two vectors vp, vq ∈ Slm
1
among
the m(m − 1) vectors such that Cp ∩ Cq = {α, β}. This completes the proof of
(ii). 
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As an immediate application of Lemma 2.1, we next obtain another class of
pairs of Banach spaces that has weak L-P property.
Theorem 2.2. Let X be an n−dimensional real polygonal Banach space such
that BX has exactly 2n+ 2 extreme points. Let Y = l
m
1 , where m(m − 1) ≤ n.
Then the pair (X,Y ) has weak L-P property.
Proof. Let EX = {±x1,±x2, · · · ,±xn+1}. Let T ∈ L(X,Y ) be an extreme con-
traction. It follows from Theorem 2.2 of [12] that span(MT ∩ EX) = X and
moreover, if |MT ∩ EX | = 2n then T (MT ∩ EX) ⊆ EY . Therefore, in this case
we have nothing more to show. Let us assume that EX ⊆ MT . We claim
that T (EX) ∩ EY 6= φ. If possible, suppose that T (EX) ∩ EY = φ. With-
out any loss of generality, we may assume that {x1, x2, · · · , xn} is a basis of
X. So there exist scalars α1, α2, . . . , αn, with at least two of them non-zero,
such that xn+1 = α1x1 + α2x2 + · · · + αnxn. Let for each i ∈ {1, 2, . . . , n},
T (xi) = (ai1, ai2, . . . , a1m).
Therefore, T (xn+1) = α1T (x1)+α2T (x2)+· · ·+αnT (xn) = (b1, b2, · · · , bm) (say).
Clearly, EY = {±ej = (0, 0, · · · ,±1︸ ︷︷ ︸
j
, · · · , 0) : 1 ≤ j ≤ m}. Now for each
i ∈ {1, 2, · · · , n}, T (xi) are non-extreme points on the unit sphere of lm1 . There-
fore |Ci| ≥ 2 for each i ∈ {1, 2, · · · , n}, where Ci = {j ∈ {1, 2, . . . ,m} : aij 6= 0}.
Now we complete the proof of the theorem by considering the following two
cases:
Case 1: Let n > m(m − 1). Then by Lemma 2.1, there exists a triplet of
distinct numbers {r, s, t} ⊆ {1, 2, . . . , n} such that |Cr ∩ Cs ∩ Ct| ≥ 2. Without
any loss of generality, we assume {1, 2} ⊆ C1 ∩ C2 ∩ C3. Let σ = a11a12, µ =
a21a22, ν = a31a32. Clearly, σ, µ, ν 6= 0 and at least two of them have the same
sign. Without any loss of generality, we assume σ, µ > 0. Choose non-zero real
numbers ǫ, δ in such a way that the following three conditions are satisfied:
(i) α1ǫ + α2δ = 0,
(ii) ‖(a11 − ǫ, a12 + ǫ, · · · , a1m)‖ = ‖(a11 + ǫ, a12 − ǫ, · · · , a1m)‖ = ‖T (x1)‖,
(iii) ‖(a21 − δ, a22 + δ, · · · , a2m)‖ = ‖(a21 + δ, a22 − δ, · · · , a2m)‖ = ‖T (x2)‖.
We define two linear operators T1, T2 : X → Y by
T1(x1) = (a11 − ǫ, a12 + ǫ, · · · , a1m), T2(x1) = (a11 + ǫ, a12 − ǫ, · · · , a1m),
T1(x2) = (a21 − δ, a22 + δ, · · · , a2m), T2(x2) = (a21 + δ, a22 − δ, · · · , a2m),
T1(xi) = T (xi)∀ i ∈ {3, · · · , n}, T2(xi) = T (xi)∀ i ∈ {3, · · · , n}.
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Then T1(xn+1) = T2(xn+1) = T (xn+1), T =
1
2 (T1 +T2), ‖T1‖ = ‖T2‖ = 1. In
addition T1, T2 6= T. In other words T is not an extreme contraction.
Case 2: Let n = m(m − 1). If there exists a triplet of distinct numbers
{r, s, t} ⊆ {1, 2, . . . , n} such that |Cr ∩ Cs ∩ Ct| ≥ 2 then it follows from the
arguments given in the analysis of Case 1 that T is not an extreme contrac-
tion. Now suppose for any triplet of distinct numbers {r, s, t} ⊆ {1, 2, . . . , k},
|Cr ∩Cs ∩Ct| ≤ 1. According to our assumptions, we have that ‖T (xn+1)‖ = 1
and T (xn+1) 6∈ EY . Therefore T (xn+1) has at least two non-zero coordinates,
say b1, b2. It follows from Lemma 2.1 that there exist distinct k, l ∈ {1, 2, . . . , n}
such that Ck∩Cl = {1, 2}. Without any loss of generality, we assume that k = 1
and l = 2. Let ζ = b1b2, σ = a11a12 and µ = a21a22. Clearly, σ, µ, ζ 6= 0 and at
least two of them have the same sign. If σ, µ have the same sign, then once again
by similar arguments as given in Case 1, it follows that T is not an extreme
contraction. Now we assume that σ, ζ have the same sign. Without any loss of
generality, we assume that σ, ζ > 0. Then we can choose ǫ, δ > 0 such that the
following two conditions hold:
(i) ‖(a11 − ǫ, a12 + ǫ, · · · , a1m)‖ = ‖(a11 + ǫ, a12 − ǫ, · · · , a1m)‖ = ‖T (x1)‖,
(ii) ‖(b1 − δ, b2 + δ, · · · , bm)‖ = ‖(b1 + δ, b2 − δ, · · · , bm)‖ = ‖T (xn+1)‖.
Let λ = min{ǫ, δ}. Let κ = λ
α1
; if |α1| ≥ 1 and κ = λ, if |α1| < 1. We define
two linear operators T1, T2 : X → Y by
T1(x1) = (a11 − κ, a12 + κ, · · · , a1m), T2(x1) = (a11 + κ, a12 − κ, · · · , a1m),
T1(xi) = T (xi)∀ i ∈ {2, · · · , n}, T2(xi) = T (xi)∀ i ∈ {2, · · · , n}.
Then,
‖T1(xn+1)‖ = ‖(b1 − α1κ, b2 + α1κ, · · · , bm)‖ = ‖T (xn+1)‖ = 1,
‖T2(xn+1)‖ = ‖(b1 + α1κ, b2 − α1κ, · · · , bm)‖ = ‖T (xn+1)‖ = 1.
Therefore, T = 12 (T1 + T2), ‖T1‖ = ‖T2‖ = 1 and T1, T2 6= T. Clearly, this
contradicts that T is an extreme contraction. In other words, whenever T ∈
L(X,Y ) is an extreme contraction, we have that T (EX)∩EY 6= φ. This completes
the proof of the theorem. 
In the next example, we illustrate that the assumption m(m− 1) ≤ n in the
above theorem cannot be dropped.
Example 2.2.1. Let X be the same Banach space as considered in Example
2.1.1 and let Y = l31. We define T : X → Y in the following way:
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T (x1) = (
1
2
,
1
2
, 0), T (x2) = (0,
1
2
,
1
2
).
Therefore, T (x3) = (− 12 , 0, 12 ). We claim that T is an extreme contraction. If
not, then there exists T1, T2 ∈ SL(X,Y ) such that T 6= T1, T2 and T = 12 (T1+T2).
Let
T1(x1) = (
1
2
+ ǫ11,
1
2
+ ǫ12, ǫ13), T1(x2) = (ǫ21,
1
2
+ ǫ22,
1
2
+ ǫ23),
where ǫij are arbitrary real numbers for all i ∈ {1, 2} and for all j ∈ {1, 2, 3}.
Since T = 12 (T1 + T2), we must have,
T2(x1) = (
1
2
− ǫ11, 1
2
− ǫ12,−ǫ13), T2(x2) = (−ǫ21, 1
2
− ǫ22, 1
2
− ǫ23).
From the fact that ‖T1‖ = ‖T2‖ = 1, it is immediate that |ǫ11|, |ǫ12|, |ǫ22|, |ǫ23| ≤
1
2 . Therefore, we observe that
1
2 ± ǫ11, 12 ± ǫ12, 12 ± ǫ22, 12 ± ǫ23 ≥ 0. Now, we
have, ‖T1(x1)‖ = 1 + (ǫ11 + ǫ12) + |ǫ13| and ‖T2(x1)‖ = 1 − (ǫ11 + ǫ12) + |ǫ13|,
which implies that (ǫ11+ǫ12) = 0, i.e., ǫ11 = −ǫ12 and ǫ13 = 0. Following similar
arguments, we can deduce that ǫ22 = −ǫ23 and ǫ21 = 0. Therefore, we have,
T1(x3) = (− 12−ǫ11, ǫ11+ǫ22, 12−ǫ22) and T2(x3) = (− 12+ǫ11,−ǫ11−ǫ22, 12+ǫ22).
Since ‖T1(x3)‖ = ‖T2(x3)‖ ≤ 1, we have |ǫ11+ ǫ22| ≤ (ǫ11− ǫ22) and |ǫ11+ ǫ22| ≤
(ǫ22 − ǫ11). Consequently, ǫ11 = ǫ22 = 0. This gives us T1 = T2 = T, which is a
contradiction. Hence, T is an extreme contraction, although T (EX) ∩ EY = φ.
Therefore, the pair (X,Y ) does not have weak L-P property.
We would like to illustrate the applicability of the concept of weak L-P prop-
erty for a pair of Banach spaces in the study of extreme contractions in some
concrete situations. Our next result is oriented towards serving the said goal.
Theorem 2.3. Let X be a 2-dimensional real Banach space whose unit sphere
is a regular hexagon and let Y = l2∞. Then |EL(X,Y )| = 36.
Proof. Without any loss of generality, we assume that the vertices of SX are
given by ±x1 = ±(1, 0),±x2 = ±(12 ,
√
3
2 ),±x3 = ±(− 12 ,
√
3
2 ). Let T ∈ L(X,Y )
be an extreme contraction. Then from Theorem 2.2 of [12], it follows that
span(MT ∩EX) = X. Moreover, Theorem 2.1 of the present paper implies that
there exists atleast one xi ∈ EX , i ∈ {1, 2, 3}, such that T (xi) ∈ EY . Now, there
are two possibilities:
(1) |MT ∩ EX | = 4, (2) |MT ∩ EX | = 6.
Using Theorem 2.2 of [12], it follows that T (MT ∩ EX) ⊆ EY in the first
possibility. We subdivide possibility (1) into three possible cases:
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(i) x1, x2 ∈MT , (ii) x2, x3 ∈MT , (iii) x1, x3 ∈MT .
We note that if a, b ∈ EY are distinct then ‖a− b‖ = 2. Since x3 = x2−x1, it
follows that T (x1) = T (x2) in case (i). In that case it is easy to see that 4 such
extreme contractions are possible. Also, x1 = x2− x3 and therefore similar con-
clusion holds true for case (ii). Now we consider case (iii). Since x3 + x1 = x2,
clearly T (x3) 6= T (x1). Moreover, T (x1) and T (x3) cannot be linearly indepen-
dent since for any pair of linearly independent vectors {a, b} ⊆ EY , ‖a+ b‖ = 2.
Therefore, the only possibility is T (x1) = −T (x3), which provides 4 choices for
T (x1). Therefore, we obtain exactly 12 extreme contractions from possibility
(1).
Now, suppose |MT ∩EX | = 6. Without any loss of generality, suppose T (x1) =
(1, 1) and then there are the following 4 possibilities for Tx2 :
(a) T (x2) = (1, t), (b) T (x2) = (−1, t), (c) T (x2) = (t, 1), (d) T (x2) =
(t,−1), where t ∈ [−1, 1].
Let us separately consider all the above possibilities:
(a) Let T (x2) = (1, t), where t ∈ [−1, 1]. Then T (x3) = T (x2) − T (x1) =
(0, t − 1), as x3 = x2 − x1. Therefore, ‖Tx3‖ > 1 for all t ∈ [−1, 0). This is a
contradiction to the fact that ‖T ‖ = 1. Also, ‖T (x3)‖ < 1, for all t ∈ (0, 1].
This contradicts our assumption that x3 ∈ MT . We therefore deduce that the
only possibility is t = 0, i.e., T (x2) = (1, 0). Then T (x3) = (0,−1). Now, we
claim that T ∈ L(X,Y ), given by T (x1) = (1, 1), T (x2) = (1, 0) is an extreme
contraction. If not, then there exist T1, T2 ∈ SL(X,Y ) such that T1, T2 6= T and
T = 12 (T1 + T2). Suppose,
T1(x1) = (1 + ǫ11, 1 + ǫ12), T1(x2) = (1 + ǫ21, ǫ22),
where ǫij are arbitrary real numbers for all i, j ∈ {1, 2}. Then,
T2(x1) = (1 − ǫ11, 1− ǫ12), T2(x2) = (1− ǫ21,−ǫ22),
as otherwise, T = 12 (T1 + T2) is not possible. Since T1, T2 ∈ SL(X,Y ), it is easy
to see that ǫ11 = ǫ12 = ǫ21 = 0. Hence, T1(x1) = (1, 1), T1(x2) = (1, ǫ22), and
T2(x1) = (1, 1), T2(x2) = (1,−ǫ22). Then T1(x3) = (0, ǫ22 − 1) and T2(x3) =
(0,−ǫ22 − 1). If ǫ22 > 0, then ‖T2(x3)‖ = 1 + ǫ22 > 1 and if ǫ22 < 0, then
‖T1(x3)‖ = 1 − ǫ22 > 1. In both cases, we get a contradiction to the fact that
‖T1‖ = ‖T2‖ = 1. Therefore ǫ22 = 0 and T must be an extreme contraction.
(b) Let T (x2) = (−1, t), where t ∈ [−1, 1]. Then T (x3) = T (x2) − T (x1) =
(−2, t− 1), as x3 = x2 − x1. Therefore, ‖T (x3)‖ = 2 for all t ∈ [−1, 1], which is
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a contradiction to the fact that ‖T ‖ = 1. So, this case is not possible.
(c) Proceeding in the similar way like (a), we can prove that T is an extreme
contraction only when t = 0, i.e., T (x2) = (0, 1).
(d) This case is similar to case (b).
Conclusion: If T (x1) = (1, 1) and x2, x3 ∈ MT , then there are 2 extreme
contractions. Similarly, if T (x1) is any one of the other three extreme points
of BY and x2, x3 ∈ MT , we get 2 other extreme contractions in each cases.
Thus, if T (x1) is extreme point of BY and x2, x3 ∈ MT , there are exactly 8
extreme contractions. Similar argument is applicable if we assume T (x2) is
extreme point of BY and x1, x3 ∈ MT . Indeed, in this case, there are also
exactly 8 extreme contractions. The same happens when T (x3) is extreme point
of BY and x1, x2 ∈MT . Therefore, we obtain a total of 24 extreme contractions
from possibility (2). Now, combining possibilities (1) and (2), we conclude
that there are exactly 36 extreme contractions in L(X,Y ). This establishes the
theorem. 
The following example illuminates that the number of extreme points of the
unit ball of the domain space plays a vital role in determining the weak L-P
property for a pair of Banach spaces. In particular, it shows that Theorem 2.1
no longer holds true if the number of extreme points of the unit ball of the
domain space is strictly greater than 2n+ 2, where n is the dimension of X.
Example 2.3.1. Let X be a two dimensional real Banach space whose unit
sphere is a regular octagon with vertices,
±x1 = ±(1, 0),±x2 = ±( 1√
2
,
1√
2
),±x3 = ±(0, 1),±x4 = ±(− 1√
2
,
1√
2
)
and let Y = l2∞. Clearly, {x1, x2} forms a basis for X. Also, x3 =
√
2x2−x1 and
x4 = x2 −
√
2x1. Now, we define T : X → Y in the following way:
T (x1) = (1,
√
2− 1), T (x2) = (
√
2− 1, 1)
Therefore,
T (x3) = (−
√
2 + 1, 1), T (x4) = (−1,
√
2− 1).
We claim that T is an extreme contraction. If not, then there exist T1, T2 ∈
SL(X,Y ) such that T1, T2 6= T and T = 12 (T1 + T2). Suppose
T1(x1) = (1 + ǫ11,
√
2− 1 + ǫ12), T1(x2) = (
√
2− 1 + ǫ21, 1 + ǫ22),
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where ǫij are arbitrary real numbers for all i, j ∈ {1, 2}. Then
T2(x1) = T (1, 0) = (1 − ǫ11,
√
2− 1− ǫ12),
T2(x2) = T (
1√
2
,
1√
2
) = (
√
2− 1− ǫ21, 1− ǫ22),
as otherwise, T = 12 (T1 + T2) is not possible. Since ‖T1‖ = ‖T2‖ = 1, it is easy
to see that ǫ11, ǫ22 = 0. Hence,
T1(x1) = T1(1, 0) = (1,
√
2−1+ǫ12), T1(x2) = T1( 1√
2
,
1√
2
) = (
√
2−1+ǫ21, 1).
Therefore, T1(x3) =
√
2T1(x2) − T1(x1) = (1 −
√
2 +
√
2ǫ21, 1 − ǫ12) and
T1(x4) = T1(x2)−
√
2T1(x1) = (−1 + ǫ21,−1 +
√
2−√2ǫ12). Similarly,
T2(x1) = T2(1, 0) = (1,
√
2−1−ǫ12), T2(x2) = T2( 1√
2
,
1√
2
) = (
√
2−1−ǫ21, 1).
Therefore, T2(x3) =
√
2T2(x2) − T2(x1) = (1 −
√
2 − √2ǫ21, 1 + ǫ12) and
T2(x4) = T2(x2) −
√
2T2(x1) = (−1 − ǫ21,−1 +
√
2 +
√
2ǫ12). Now, if ǫ12 > 0
then ‖T2(x3)‖ ≥ 1 + ǫ12 > 1 and if ǫ12 < 0 then ‖T1(x3)‖ ≥ 1− ǫ12 > 1, which
contradicts our assumption that ‖T1‖ = ‖T2‖ = 1. Therefore, ǫ12 = 0. Similarly,
ǫ21 = 0. Thus, T1 = T2 = T, which is a contradiction. This proves that T is an
extreme contraction but T (EX)∩EY = φ. Hence, the pair (X,Y ) does not have
weak L-P property.
In view of the results obtained in the present article, it is perhaps appropriate
to end the article with the following open question:
Open question: LetX and Y be real Banach spaces. Obtain a necessary and
sufficient condition on X and Y for the pair (X,Y ) to have weak L-P property.
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